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In Figure 11, an increase in intensity appearing around
the copolymer T, may be due to C-PPO molecules passing
through their glass transition. Residual strains may be
released, causing the sample surface to become irregular,
resulting in an increased scattering intensity. This effect
can be reduced by annealing above the glass transition
temperature of the film and slowly cooling to room tem-
perature to relax any residual strain and stress.

Conclusions

Low carboxyl content (< 10 mol %) copolymers (C%-
PPO) blended with PS of molar mass 115000 exhibit a
single phase. Phase diagrams for blends of C30-PPQ/PS,;
and C3.PPQ/PS,; exhibit a single-phase region, a UCST,
and an LCST. The gap between the UCST and LCST
depends on the copolymer composition. For C**-PPO/
PS5 and C87-PPQ/PS,;; blends, no phase separation was
observed during thermal treatment because the single-
phase region between the UCST and LCST extends be-
yond the experimental temperature range. The phase
separation behavior observed by either DSC or light
scattering is reversible.
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ABSTRACT: The conformational space renormalization group method is used to calculate the osmotic pressure
of semidilute solutions of star and ring polymers in marginal to good solvents to first order in ¢, where ¢ =
4 - d and d is the spatial dimension. The results are expressed in terms of an experimentally measurable
reduced concentration variable ¢/c* = ¢(Ay) M, with (A;), the weight-averaged second virial coefficient
and M, a number-averaged molecular weight. The osmotic pressure is found to scale with the same power
of the concentration for both stars and rings in the semidilute region, in agreement with scaling theory and
asymptotic analyses, but there are fairly large differences in the values of the prefactor coefficients between
different polymer types. This is in contrast to the predictions of scaling and of an approximate analytic evaluation
of the osmotic pressure, which yields a single universal curve for these two architectural classes of polymer.
Criteria are also provided for the onset of semidilute solution power law behavior as a function of the reduced

concentration and solvent quality.

I. Introduction

Star and ring polymers constitute an important class of
polymers whose study helps clarify the connection between
polymer physical properties and molecular architecture.
While there is a fairly extensive body of experimental and
theoretical literature that explores this connection for the
case of polymers at infinite dilution,!™ there have been
fewer studies at concentrations where overlap between
different chains becomes important.® However, these
studies of semidilute solutions have focused only on linear
polymers, and the question of whether topological differ-
ences significantly influence the large-scale properties of
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semidilute polymer solutions has so far only been ad-
dressed by scaling methods.!®!? Scaling argues that
polymer properties like the osmotic pressure must become
independent of the molecular weight in semidilute solution,
and, consequently, linear, star, and ring polymers scale in
the same manner. Whether or not a full theory predicts
differences and the extent to which such differences rep-
resent measurable effects is not yet known. Nor is it
known whether the scaling functions for different polymer
architectures in semidilute solution can be represented in
terms of a single universal curve.

In this paper we examine the role of polymer architec-
ture in influencing semidilute solution properties by cal-
culating the osmotic pressure of dilute through semidilute
solutions of star and ring polymers in marginal to good
solvents to order ¢, where e = 4 — d and d is the spatial
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dimensionality. The calculations are performed by using
the chain conformational space renormalization group
method.’3% Ohta and Oono have introduced this method
for semidilute good solvent solutions of linear polymers
and have shown that the predictions are in reasonable
agreement with experimental data on these systems.'®
Freed generalizes the method to treat the excluded volume
crossover between the marginal and good solvent limits.!”
Here we extend these methods further and apply them
with some modifications to semidilute solutions of stars
and rings to determine the possible dependence of the
osmotic pressure and the onset of power law behavior in
the semidilute region on branching type.

Previous renormalization group treatments of polymer
solutions have often used the equivalence between infi-
nitely long polymers and magnetic systems at their critical
points!® to formulate the problem with field theoretic
methods. These studies are frequently restricted to chains
of infinite length or to solutions of broad polydispersity,1*2!
and the field theory approaches are not very accessible to
polymer scientists. A direct renormalization approach to
polymers, which avoids the polymer-magnet analogy, has
been presented by des Cloizeaux,? but his treatment of
the concentration-dependent screening of excluded volume
interactions in semidilute solutions necessitates summing
over certain infinite classes of polymer diagrams in analogy
with field theoretic methods. The approach of Ohta and
Oono'® and Freed!” formulates the problem directly with
the two-parameter polymer model;! it permits both finite
chain lengths and arbitrary chain length distributions to
be considered at the same time, and it introduces screening
in a natural way, without the use of infinite summations.

In applying the chain space approach to semidilute so-
lutions of stars and rings, we provide a discussion of the
particular polydispersity averages that enter into the
theory and that are relevant to the analysis of experimental
data. We modify the manner of regularizing the theoretical
expression for the osmotic pressure so that the latter can
be expressed solely in terms of experimental quantities.'?
The calculated natural scaling variable that emerges in this
fashion is the reduced concentration ¢/c*, first suggested
implicitly by Stockmayer? as the appropriate variable to
use for semidilute solutions away from the © point. The
renormalization group theory yields ¢/c* = ¢(A,) M, for
marginal to good solutions, where (A4;), and M, are the
weight-averaged osmotic second virial coefficient and the
number-averaged molecular weight, respectively. Scaling
theory has led to the use of the more common estimate of
c* in terms of the radius of gyration, Rg, viz., c*g, =
4mR® These scaling estimates can differ greatly from the
renormalization group value defined in terms of A,.
Moreover, the scaling concentration c*;_ is inappropriate
in marginal solutions where A,/ R;® becomes temperature
and molecular weight dependent. Previous difficulties in
predicting the onset concentration for semidilute power
law behavior using the scaling estimate of ¢* underscore
the importance of calculating numerical coefficients in
addition to scaling laws.

We provide a rigorous analysis of the behavior of the full
O(e) perturbative expression for the osmotic pressure in
the ¢/c* > 1 limit and demonstrate that this produces the
expected scaling form, thereby justifying the reexponen-
tiation of logarithmic terms in the useful approximate
analytic treatment of Ohta and Oono.!®

Section ITA presents the functional integral represent-
ation of the partition function of stars and rings. The
partition function of the ensemble of chains is rewritten
in terms of a polydispersity-averaged single-chain partition
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function using the Edwards screening theory representa-
tion.?? We relate the polydispersity averages obtained in
this way to other experimentally relevant averages. Section
IIB briefly describes the perturbative calculation of star
and ring partition functions. The notion of a screened
interaction is briefly described to motivate the resumma-
tion of terms in the perturbation expansion involving the
concentration and excluded volume parameter that are not
small in the semidilute region. In section IIC we outline
the manner in which the initially divergent expression for
the calculated asmotic pressure is regularized. (Details are
provided in Appendix C.) The present regularization
scheme!® allows the osmotic pressure to be expressed solely
in terms of measurable variables and in this regard differs
slightly from the earlier scheme of Ohta and Oono.!®
Section IIT employs the approximation of Ohta and Oono
to evaluate the osmotic pressure of solutions of rings and
stars as a function of reduced concentration. This ap-
proximation results in a single universal function for all
polymer architectures. The predicted power law behavior
is compared with the expectations of scaling theory.
Somewhat fortuitous agreement between their exponents
occurs in three dimensions'® if the exponent v (defined by
Rs ~ M) is taken to have the Flory value.

Section IV presents the numerical evaluation of the
osmotic pressure to O(e) for monodisperse stars and rings,
without introducing the Ohta—Oono approximation. We
find appreciable differences between the numerical and
analytical approximation approaches for the numerical
prefactors for polymers of different branching type. No
differences arise for the exponents as dictated by our as-
ymptotic analysis. Comparisons are provided between
experimental data and our calculated osmotic pressure and
osmotic compressibility curves for linear polymers. Criteria
are also given for the onset of semidilute solution power
law behavior as a function of the reduced concentration
and solvent quality.

I1I. Theoretical Methods

A. Expressions for Star and Ring Partition
Functions. Details of the conformational space renor-
malization group method for polymers at nonzero con-
centration are given in ref 17 and 10. Here we only
mention those features of the method relevant to the study
of stars and rings. We also discuss the slight modifications
to the method that are needed to bring the theoretical
parameters into correspondence with experimental
measurables. The dimensionless configurational Hamil-
tonian for a polydisperse solution of n linear polymers in
a volume Q is given by

158 I N dr;(r))?
"= 551 E 0 dri dr;
1 Sima Sing Noo Nog
oI T f) dn J. Carelrdm) - xim1 ()

where S is the number of sets of polymers of a given chain
length and n,, is the number of polymers of length N, , in
the set a such that 3°5_,n, = n. The index i labels the ith
chain of the ath set. Equation 1 describes the configura-
tion of the ith chain in the ensemble in terms of a con-
tinuous curve in d dimensions whose position with respect
to a chosen origin is specified by the vectors {r;(;)} at the
points {r;} along the chain. Here, for convenience, we em-
ploy a system of units in which the vectors {r;} have the
dimensions of (length)!/2 by defining

r; = (d/])V?R; (a)

with R, the usual d-dimensional vectorial distance and !
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an effective segment length known as the Kuhn length.?*
The first term in (1) produces the Gaussian random walk
chain backbone, while the second term models excluded
volume effects between different chains and between
different portions of the same chain through a repulsive
é-function pseudopotential with bare excluded volume v,.2
Such an approximation to the true intermolecular potential
is adequate in describing the properties of polymers at
length scales much larger than a typical bond distance!®11%
and polymer volume fractions much less than unity.
Equation 1 also describes the configurational Hamilto-
nian of a polydisperse solution of rings (under the as-
sumption that the solution is free of nonequilibrium dis-
tributions of topological constraints such as those intro-
duced by the presence of concatenations). The generali-
zation for star polymers is®
n, m; hy rj(Tj) 2
dr

Nog
g=1 j=1v0 7

vy T °"d7 f "dr, 8[rj(r) - ri(7)] ()
HyR, by

where, as before, the volume  contains a total of n stars;
these are distributed among S sets of stars, each star of

a given set having f, branches, with « varying from 1 to
S There are n, stars 1n each set, and i labels a given star
in the set such that $ 8., Y%, = n. The parameter m; is
the number of sets of branches of a given length in the ith
star of the ath set, and there are hg such branches, with
8 varying from i to m;. A given branch in a star is labeled
by the index j. In (2) as well as throughout the rest of the
paper we use the superscripts s and r to distinguish be-
tween properties of stars and rings, respectively.

Given the Hamiltonians in eq 1 and 2, the bare partition
function @ may be written as

HHi)

a=1i=1

(o)} expl-HTx )l @
for rings and

S n, m hs
[T I f i) expl-Eelro)ll - @
a=1i=1 g=1 j=1
for stars, where D[r(r)] is the integration measure for
continuous Gaussian chains. The integral in (3) for rings
has the further constraint that r;(0) = r;(Ng ).
The osmotic pressure is readily derived from (3) and (4)
using the standard thermodynamic relation?

HB = —kBT(a In QB/GQ)WT (5)

The general approach!® to the calculation of Qg is discussed
in detail in ref 10 and 17 where Edward’s screening for-
mulation®% is introduced to factor the partition function
into contributions from individual chains. Briefly, the
method takes advantage of the equivalence between the
description of a polymer, viewed as interacting with itself
through some pairwise potential, and its description as a
Gaussian chain interacting with a random fluctuating field
¢(r). This equivalence is made explicit through the
identity®

Uy Noy Nogs
exp{—g ;j; dng; dr; o[r;(r)) - rj(Tj)]} =

8.
{ 2la] exp{ilZf dr; ¢lri(r)] - fddrcb

(6)
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where the measure D[¢] is defined by

D] = 5¢/f6¢ eXp{—%vofddr d>2(r)} )

and the volume element is

3¢ = [Idg(r) (7a)

Using the random field representation (6), we write the
partition functions for rings and stars in the form

1
Q' = [ i) exp{_Q_Uof d’r ¢2<‘”)}I}[G’<No,ﬁ,¢>l"e
®)

1
Qp® = f@[d)] EXP{_Efddr ¢2(r)}QIEB[GS(NO,B’fmd))]hS
9

where the quantities G* and G® are, respectively, the
partition functions of single ring and star polymers in the
random field ¢(r). Path integral representations of G* and
G® are

G*(Nogo) =

fﬂ[r] exp{——wa

2 No,,a
+ ij; dr d)[r(r)]}

(10)

1 Nos
G Nogifor®) = ffD[r,-] exp _—2—%; j; dr;

dl'j(Tj) z
de

N0.3
dr; ¢[r;(r)] (11)

The products over the individual G’s in (8) and (9) may
be expressed in terms of an average over some chosen
length distribution. Using the case of stars as an illus-
tration, we write this asl®1617

[L1G*(Nosfus)]'s = expnZ L L(ng/n) In
G*(Nosfor8)] = explndin G(INofu0))n] (12)

where the average (...), denotes a number average.

Several different polydispersity averages are used in
evaluating polymer properties in addition to the number
average of (12). In particular, weight or weight fraction
averages are commonly employed in experimental work,
and are defined by

(P(Np))w = 2PNy M 1./ 2-M 1, (13)

with M, the molecular weight of the chain of length N, ,
and P some polymer property. With the number-averaged
molecular weight M defined through

M,=>Mn,/n (14)

(P(Ny)), and (P(Ny)),, are related as
(P(Ng))y = (P(No) /M) M, (15)
Similarly, the polymer chain density c, is related to the
standard mass concentration ¢ through
¢y, = Nac/M, (16)
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where N, is Avogadro’s number.

B. Perturbative Calculation of G* and G*. Effect
of Screening. The field ¢ is formally of order v,'/? as may
be seen from the measure containing v, ¢? in eq 8 and 9.
It is, therefore, possible to evaluate G* and G® to first order
in vy by perturbatively expanding to second order in ¢ in
the exponent of (12) and by subsequently integrating over
all . Simple dimensional analysis implies that terms in
the expansion that describe intramolecular excluded vol-
ume are of the form v,N/2, with ¢ = 4 — d. For large chains
this expansion parameter is not small in the dimension of
interest, viz., d = 3, and a further expansion around d =
4 (i.e.,, around ¢ = 0) is necessary to render the perturbative
approach controllable. Results for d = 3 are recovered by
the application of renormalization group methods.!%™

Interchain excluded volume contributions, on the other
hand, yield expansions in the dimensionless quantity
¢p0oIVo?, with c,voNy? proportional to the unperturbed re-
duced concentration c¢/cy*. Since the semidilute region
corresponds to concentrations for which ¢/c* 2 1, it is clear
that an expansion in this parameter is not useful. We,
therefore, employ Edwards’ screening approach to retain
cpbo and, hence, ¢/c* both formally of order €.

The Edwards screening theory!®!"% has polymer seg-
ments interacting through the screened excluded volume
potential v(q), which on all length scales becomes

Vet M(@) = Yovo + ¢S(q,Np) (17

where S(q,V,) is the Debye scattering function of a single
Gaussian chain and q is a momentum variable conjugate
tor.

C. Regularization of the Osmotic Pressure. As
explained in ref 10 and 17 the calculation of (10) and (11)
and subsequently (8) and (9) is conveniently carried out
by first expressing the field ¢ as a sum over its Fourier
components ¢, When the average over the ¢ fields is then
taken, the bare osmotic pressure is found to involve an
integral over all q in the continuum limit. This integral
diverges at a dimensionality of four as ¢ — «. A renor-
malization of the osmotic pressure is required to obtain
finite, physically meaningful results.

References 10, 16, and 17 perform the renormalization
by isolating the singular portion of the q integral as a pole
in € and absorbing it into a redefinition of the bare v, and
N, as the corresponding renormalized v and N. In the
present calculation, as discussed in Appendix C, renor-
malization proceeds by extracting the singularity in q along
with a nonsingular contribution into the definition of the
osmotic second virial coefficient and by renormalizing this
measurable quantity as in infinite dilution theories. This
approach makes it possible to express the osmotic pressure
in terms of the measurable reduced concentration ¢ = c¢/c*
= c({Ay)M,, while at the same time eliminating all poles
in 1/e.

IT1I. Results

The renormalized osmotic pressure of stars and rings is
found in this manner to be given by

LIPS (T “dy y{In [1 +
RTe " © 7 16e\ 1+ 322/3 fo vyl

4cg(y?) 1

4cg(y)] - 1+ 40509 5[4515()/2)]2 + O(?) (18)

where the difference between the two classes of polymer
enters through the function g(y?), which is defined for stars
by
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f f
g0 =y 2+ y(Llexp(=y*N,/(XNy)n) = 1)y -

f f
1/2<Z[exp(_y2Na/(ZNa>n) - 1]2>n +

f f
V({2 lexp(-y2N, /(XN = 1114} (19)
In monodisperse solutions (19) becomes
g0 =
y‘2 + y~*flexp(-y*/f) = 1I{L + %(f - Dexp(-y*/p) - 1]}
(19a)

while for ring polymers we have

gud =

T Ny (N /4Ny, 1727

exp(-y*N/4(N),)
which for monodisperse solutions becomes

g7 =y expl2/4) [ dt exp(®)  (208)

VN[N
dt ¢®) (20)

The average {...), in (19) denoctes a number average over
chain lengths as well as an average over the distribution
of the number of arms in the star. RT is the thermal
energy, and Z is a phenomenological interaction variable
that is to be treated as the usual z parameter of the two-
parameter model.l (Z is related to the crossover variable
¢ of ref 10 and 17 through { = (32%/3) and obeys the
relation Z « MY¥1 - (8/T)], with O the theta tempera-
ture.)

Equation 18 may be compared with the corresponding
expression, obtained from a scaling analysis alone, which
in the limit ¢ > ¢* and Z >> 1 is

N, \i+@-1?
o (_A A1 (dm1) (g )2 1)/ (4=d) ()

CkBT M
(21)

where 60 is a binary cluster integral® and » describes chain
expansion in good solvents through the power law

RG ~ M‘/ (213)

With the Flory value® of ®/; for v in three dimensions (a
more accurate theoretical estimate® is » = 0.588), eq 21
reduces to

H
keT — MO/

The scaling structure of (18) can be determined by ap-
proximations to g* and g° that enable the analytic evalu-
ation of the integral in (18).

Ohta and Oono'® approximate g(y?) for linear polymers
by a function whose limiting forms for y — 0 and y — «
are the same as those of the original function. With this
approximation g%(y?) and g*(y?) become

£0% ~ 0* + 20)7,

f f
o= (XN2/ (XN,

09/418 3/4[3/2 (22)

(23)

g0 ~ (2 + 207, A= (N)2/(N?), (24)

and the integral in (18) can now be evaluated analytically.'®
The calculation is found to yield a number of logarithmic
terms in ¢/c*. If the final expression for the osmotic
pressure is required to have a power law form in the re-
duced concentration ¢ as predicted in (21) by scaling
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theory, such logarithmic terms must be reexponentiated.
For instance, we write

cb=1+eblnc+ O (25)
where ¢ is as usual 4 — d. In this way the approximations
(23) and (24) lead to
M,

crT - 1=

Iti

E%( ﬁ) 2
8 1+ 32z/3 1-3 ]+@(€) (26)

[

(g + 25)(6/4)(322‘/3)(1+322‘/3)‘1[1—(0/25)2][
+ ¢

6

where 8 equals ¢ ()) for stars (rings). Equation 26 is an
approximate single universal scaling form of the osmotic
pressure of linear, star, and ring polymers in semidilute
solutions of general solvent quality (away from the 6 point).
The expression (26) differs slightly from that given by Ohta
and Oono!® because of our method of regularization,®
which makes ¢ have an explicit measurable interpretation.

Two limits are of interest in eq 26. As ¢ — 0, eq 26
becomes

M, /cRT — 1 + c(Ay)uM, + ... (27)

which is the usual dilute limit virial expansion of the os-
motic pressure.! In the limit of large concentration ¢ »
1 and under good solvent conditions z > 1 eq 26 reduces
to

IIM, /cRT = €(28)**(1 — ¢/8) (28)
which exhibits the general scaling structure
I/c « ¢, c>»1 (28a)

where u is a pure number. The exponent ¢/4 in eq 28
coincides to O(e) with the scaling exponent (dv — 1) - 1
of eq 22 when v is taken to be the Flory value 3/ in three
dimensions. The agreement is somewhat fortuitous as
O(é®) calculations are generally required to obtain good
exponents for polymer properties. However, this identi-
fication enables us to replace the exponent ¢/4 in (26) and
(28) by (2 - dv)/(dv = 1). This, in turn, allows us to use
more accurate estimates of » to obtain an improved ex-
ponent p without having to calculate it to higher order in
€.

Rather than use the Ohta—Oono approximation for g*
and g* to evaluate the integrals in (18), it is now computed
numerically. Appendices A and B show that the integral
in (18) for stars and rings behaves as

im (Il/¢) «x ¢+ ¢élnc (29)

F—ro

in the asymptotic limit of high concentration. Since it is
not possible to separate the logarithmic portion from the
remainder of the integral, the required power law can only
be obtained by exponentiating the entire @(¢) expression.
That is, eq 18 is rewritten to O(e) as

M= “=1+¢ —Lfmd M infl+
= RT € exp TeaJo WY n [
4eg(y?) 1
4eg(y?)] - —————— - Z[422(yD]2 )} + O(D) (30
g9l - 7 T 420?) 5 [4e8(y%)] (%) (30)

where both (26) and the numerical calculations are pres-
ented in the limit Z » 1. Depending on the kind of
polymer being considered, g(y?) refers now to the exact
expressions of eq 23 and 24. For simplicity, the solutions
are also taken to be monodisperse in (30).

Macromolecules, Vol. 19, No. 11, 1986

500 -

b= ~
3 8
T T

OSMOTIC Pressure, fi=TIM,, /cRT
~no w
(] (&)
T T

=)
T

[ [ |
02 05 10 2 5 10 20 50 100
Reduced Concentration, Z=c<A,>, M,

| i

Figure 1. log-log plots of TIM,/cRT = I vs. ¢ using eq 30
evaluated numerically. Full lines present the calculations for stars,
the lowest curve corresponding to f = 1 and the highest to f =
6. The dashed line is for rings.

Improved estimates of the exponent are obtained from
(30) by the substitution of a factor of ¢/4 in front of the
integral by (dv — 1)"! - 1, while the solvent quality de-
pendence is reintroduced by taking ¢ — €(32z/3)(1 +
322/3)7! in the exponent of (30) with A4, solvent quality
dependent.

IV. Numerical Results and Comparison with
Experiment

The approximations of eq 23 and 24 for the functions
g° and g" lead to identical expressions for the concentration
and solvent quality dependence of the osmotic pressure
as a function of ¢ for these apparently different architec-
tural classes of polymer throughout the dilute and semi-
dilute regions. To our knowledge, there is presently no
experimental evidence that demonstrates that such a single
universal curve can, in fact, describe these systems. On
the contrary, the data from a preliminary investigation of
semidilute solutions of stars by Burchard,® which he
brought to our attention after submission of our manu-
script, suggest that while the osmotic pressures of different
stars scale in essentially the same way for ¢ > c*, their
amplitudes differ markedly. A second counterexample to
the possible existence of a universal description of topo-
logically different systems arises in connection with the
more complicated two-dimensional case, where experi-
mental data for the surface pressure above the overlap
concentration c* do not lead to a single universal curve for
linear polymers and rings.?

We have tested this universality of the approximate
analytical theory further through explicit numerical
evaluation of the integrals in eq 30 using Simpson’s for-
mula. The calculated curves for II as a function of ¢ are
depicted in Figure 1 and are found to differ not only be-
tween rings and stars but also between stars of varying
number of branches. In fact, the calculated numerical
difference between the prefactor of linear polymer solu-
tions and the prefactors of rings or stars of five or six
branches is approximately 2. This should be measurable
experimentally and would provide a useful test of the
theory. It would also furnish a means of checking the
purity of solutions of rings or stars, provided polydispersity
corrections are made.*® The data of Burchard are in sem-
iquantitative agreement with our calculations and suggest
a slightly larger prefactor.

While it may be possible to collapse the separate curves
of the various star polymers onto a single curve by scaling
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Table I
Comparison of Experimental and Predicted Values of
Exponents and Prefactors for Semidilute Solutions of
Linear, Star, and Ring Polymers

system exponent prefactor

linear® 1.25 241 - 1/g) = 1.041
linear® 1.32 1.02

ring® 1.25 1.041

star® 1.25 1.041

star, f =1, 2 1.23 1.26

star, f = 3 1.24 1.32

star,' f = 4 1.24 1.63

star, f =5 1.25 2.00

star,' f =6 1.26 2.58

ring® 1.25 1.86

¢ Using eq 26 with ¢ > 1 and Zz — . ®From the data of Noda et
al® ¢Evaluated numerically.

g* by some function of f, we have not found such a
transformation.

The similarity of the osmotic pressure curves in Figure
1 for rings and five-armed stars is interesting in view of
the fact that the properties other than the osmotic pressure
also exhibit this correspondence. One such property is the
good solvent penetration function ¥, defined by

M Ay
4r32N, (RG)¥?

(31)

in d = 3. Five-armed stars have a good solvent limit ¥*
= (.68 as calculated® by renormalization group methods,
while the calculated value for rings is 0.69.3! Roovers and
Toporowski®? measure ¥*(ring) = 0.63. (For comparison
we also quote other experimental® and theoretical®® esti-
mates: W*,, (star, f = 4) = 0.53, W*,,,, (star, f = 4) =

0.5297, ¥* .y (star, f = 6) = 0.75, and W* oo (star, f = 6)
= (0.8523.) Another property exhibiting this correspond-
ence is associated with the radius of gyration, which for
linear and star polymers is related in ideal solution as'

° = (Rg)/(Ra%) =1 = (3f - 2) /f2 (32)

The special case of f = 5 yields g° = 13/,; ~ 0.5, while for
rings g° is exactly 0.5.! Since the g° factors enter into the
description of several properties of branched and ring
polymers and since theoretical calculations®! show g° to
have a very weak dependence on solvent quality, simi-
larities between equilibrium properties of five-armed stars
and rings may be anticipated from the closeness of their
respective g°’s.

As discussed throughout this paper, scaling arguments
dictate the power law exponent u of eq 28a in the semi-
dilute region, but the prefactors may differ. This issue is
investigated further by calculating u and the prefactor by
a least-squares determination of the slope and intercept
of In & vs. In II curves for ¢ > 10 using values obtained from
the numerical integration of eq 30. The results are pres-
ented in Table I, together with the corresponding values
calculated with eq 26.

Scaling argues that when ¢ becomes much greater than
c*, two interacting polymer segments cannot “tell” if they
belong to different polymers or to distant portions along
a single chain. Such scaling arguments suggest that the
prefactor in (28a) should perhaps be independent of
polymer architecture when a suitable definition of c¢* is
introduced. It is clear from Table I that the naturally
occurring definition (c*)™! = (A,),M, does not yield this
universality. The scaling choice of c¢*g, = 3/4wRg ? con-
verts (28a) into

II/cRT = Kp¥p(c/c*p, )" (33)
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Figure 2. Comparison of the data of Noda et al.® with eq 26 (———)
and with eq 30 (~+-). The variable ¢/c* used by Noda et al. is
related to ¢ of this work by ¢/c* = ¢/1.38, corresponding to a value
of 0.26 for the good solvent limit penetration function. The full
line is the experimental fit to the data, and it essentially coincides
with eq 30 corrected for the exponent u.

where K; is the numerical prefactor in Table I and the
subscript f labels the number of arms (zero for a ring).
However, both K; in Table I and ¥, values® are increasing
functions of f, so (33) does not produce the desired univ-
ersality. An alternative involves using the same scaling
concentration for all architectures. Defining the ratio

8a,r = (Aofhu/ (Agp=1dw (34a)

with both chains having the same molecular weight, eq 33
is rewritten as

I/cRT = Kfga, )" (c(Agp=r)Mp)* (34b)

Now (gA J* is decreasing as f increases, but the product
K/ga,) w'still increases with f- Our calculations for (K;/
Kl)(gA /) for f from 3 to 6 yield, respectively, 1.01, 1.186,
1.32, and 1.55. It is possible that our calculations over-
estimate K;, but Burchard’s data for f = 6 suggests an
underestimate. Thus, scaling suggestions of a universal
form, independent of architecture, are not quite supported
by our calculations. This appears to imply that in the
semidilute region there are sufficiently large regions within
a correlation length where the polymer “feels” its archi-
tecture. The higher density in the interior of star mole-
cules is in accord with this observation.

Table I also includes estimates of 4 and the prefactor
from the data of Noda et al.® for various good solvent
solutions of linear polymers. Their data are compared with
the predicted curves of eq 26 and 30 for f = 1 in Figure
2 where the full line represents the experimental fit to the
data and the dashed and dot—-dashed lines represent, re-
spectively, eq 26 and 30. The latter are not significantly
different from one another and both are seen to be in very
good agreement with the experimental data. The Ohta—
Oono approximation for the function g(y?) for the linear
polymer is clearly a very useful one for a wide range of
experimentally accessible concentrations.

Since Noda et al.® use the reduced concentration c/c*
= 4¢wRg?/3 in plotting their data, comparisons with data
based on ¢ = ¢{A,),M,, require introducing the penetration
function ¥ to convert between the two scaling variables.
Figure 2 presents this comparison for the value ¥ = 0.26.
Estimates®! of ¥ range from 0.22 to 0.30. However, ¥ =
0.25-0.26 seems a widely accepted figure. The use of ¥
to determine A, may lead to a different averaged A, than
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Figure 3. Comparison of the data of Wiltzius et al.” for the
osmotic compressibility of linear polymers in semidilute marginal
to good solvent solutions with the osmotic compressibility curve
constructed from eq 30 using both corrected (—) and uncorrected
(---) exponents p. The dashed line represents the curve derived
from the work of Ohta and Oono.!¢

the polydispersity-averaged (A,),, of this work and thereby
introduce errors into the comparisons. In particular, the
prefactor calculated from the experimental data varies over
the range 1.30-1.02 as ¥ is taken to range from 0.21 to 0.26.
This emphasizes the importance of choosing the appro-
priate reduced concentration variable with which to plot
data. The quantity c/c*, expressed in terms of a suitably
averaged second virial coefficient, is the most natural
choice for comparison with theory, a feature that is not
brought out by scaling analyses.

From the arguments presented in section III the expo-
nent 4 = 1 + ¢/4 may be replaced by 1 + (2 - d») /(dv -
1). With » given by 0.588 in three dimensions this yields
the improved estimate 4 = 1.31. When eq 30 is replotted
with this value of u, the experimental and calculated fits
to the data of Figure 2 become essentially coincident.

Figure 3 compares the data of Wiltzius et al.” for the
osmotic compressibility of semidilute solutions of various
linear polymers in marginal to good solvents with the
predictions evaluated numerically from eq 30 for linear
chains (dot—dashed line) and with the original predictions
of Ohta and Oono!® (dashed line). We use the corre-
spondence ¢ = 9X /16 between the reduced concentration
of the present calculation and the variable X of Ohta and
Oono, which is used by Wiltzius et al. Figure 3 also shows
eq 30 replotted according to the scaling argument in (21)
using » = 0.588 (full line). The fit to the experimental data
with u = 1.31 is seen to be improved.

The recent data of Hager et al.® (not reproduced here)
on the osmotic compressibility of semidilute good solvent
solutions of various linear polymers, when compared with
the predictions of eq 30 with and without the higher order
corrections, show qualitatively the same features as the
comparison with the data of Wiltzius et al.”

The numerically calculated @(e) value of 1.25 for the
exponent  for rings and stars of up to six branches agrees
with other theoretical predictions'®!? and also with what
is predicted from an asymptotic analysis of eq 18 and 30
in the limit ¢ > 1 (as shown in Appendices A and B).

Of some interest is the question of when the power law
behavior of the osmotic pressure sets in for solutions of
poorer quality. We have addressed this question by con-
structing osmotic pressure curves for various values of z
using eq 30 with the factor ¢/16¢* replaced by (e/16¢%)-
(32z/3)(1 + 32z/3)". The concentrations at which there
occurs a transition to semidilute scaling behavior charac-
terized by an @O(e) exponent u = 1.25 for Z in the range
0.01-5.0 are shown in Figure 4 for the linear polymer. As
is evident, the poorer the quality of the solvent, the higher
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Figure 4. Plot of the reduced concentration for onset of scaling
€, as a function of solvent quality Z (®) and plot of the exponent
w as a function z (O). Both curves are for the linear polymers
and are constructed from eq 30 with ¢/16¢% replaced by (¢/
16¢%)(322/3(1 + 322/3).

must be the concentration to reach the scaling regime. At
the same time even moderately good solvents (Z ~ 2) show
scaling behavior at relatively low concentrations (¢ ~ 10).
From the difficulty of ascertaining the exact concentration
at which scaling behavior begins, it must be noted that the
concentrations indicated in Figure 4 are probably smaller
than is actually the case, especially at the lower values Z.
For solutions of stars and rings, the solvent dependence
of the osmotic pressure is qualitatively the same, with the
difference that the greater the degree of branching, the
sooner the onset of scaling behavior, although again the
precise values of these differences are difficult to estimate.

Figure 4 also shows the variation of the exponent u with
Z for the linear polymer. The asymptotic limit x — 1.25
is reached at relatively low Z. Much the same behavior is
observed for the variation of the prefactor with z, and this
is true of the exponents and prefactors of the other ge-
ometries as well.
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Appendix A. Behavior of IT in the Asymptotic
Limit of ¢ — « for Stars

Before considering the general structure of the integral
in (18) as ¢ — =, we first introduce the change of variables
y% = z to rewrite the equation in the slightly simpler form

= = £ 2
H—1+c[1—3252f]+@(e) (A1)
with I given by
I =
fmdz 2AIn [1 + 468%(2)] - _fdee® 8¢%[g(2)]2
0 1+ 4eg%(z)
(A.2)

The behavior of I in the asymptotic limit is more con-
veniently pursued by taking the derivative of (A.2) with
respect to ¢ to produce

dI i
d—é=j;dzz

The quantity g*(z) is a monotonic decreasing function of

16¢(g(2)]°

m - 16¢[g%(2)]2¢ (A.3)
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2z, as may be readily verified, and it is bounded above and
below as

0 <g2) 0.5, Vz>0 (A.4)

It therefore follows that there exists an o = «(¢) such that
for z < a, 4¢g%(2) > 1, while for z > a, 4¢g%(z) < 1. Equation
A.3 may consequently be rewritten as

dI (@) 1 1 3
— = dz z2§=] 1 - + +
de J; z{ I [ 2cg(z)  162%[g%(2))?

1

P
3 [--]
— 7[o® 2 =T 58 2
O(Egs(z)) ] 16¢c[g*(2)]%¢ + j;(é)dz 2{16¢[g%(2)]2[1

- 80g°(2)] + 482%[g%(2)]* + O[(cg*(2))°] ~ 162(g°(2) ]}
(A.5)

The condition that there exists the desired « is expressed
as

4cg%(a) = 1 (A.6)

which, using the expression for g° given in (19), becomes
1 1
45[ =+ —flexpla/f) - 1)1 - AL - H X
[24

[exp(-a/f) - 1]}] =1 (A7)

As ¢ — », eq A.7 is satisfied by a = 4¢. Applying this limit
to (A.5), we obtain

dI - 4 Al o8 2 71

== {7 de z16ele @1 + OEH] (AB)
where we have omitted the lower limit on the z integral
since the integrand is known to be finite there as ¢ — =,

The correction terms in (A.8) are found to be asymptot-
ically small. Substituting the expression for g°(2) into (A.8),

we obtain
B 4c 1 1
=—160f dz z[;+0(;)] (A.9)

S

= ~166[1n (4¢) + @(%)] (A.10)
I may now be evaluated as
I=-82Inc+ 0@, ¢, &) (A.11)

and (A.1) becomes

fic—=) =1+ {1 - —[-82 In ¢ + O, ¢, )]
32¢2
(A.12)

which after reexponentiation yields

[1(e—>w) « cl¥e/4 (A.13)
Appendix B. Rings

The asymptotic behavior of rings can be developed in
the same way beginning with a preliminary simplification
of the expression for the osmotic pressure through the
change of variables y = 2% and following steps (A.2) through
(A.5) to obtain the analogue of (A.5) for rings, with g% now
replaced by g*. To proceed further, we recognize that®

X -1 Y e
j; dt exp(¢?) = 2x{exp(aﬂ) M( 2,2,x2)} (B.1)

with M a confluent hypergeometric function. For positive
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values of its third argument, M can, in general, be written
34
as

IN(
M(a,b,t) = "S—)ef £+ 0],

@ Ret>0 (B.2)

where T is the gamma function. Equations B.1 and B.2
can be used to approximate g* as

1 2 1
g(y)—§[1+§+0(;)] (B.3)

The condition that there exist an «(¢) around which ex-
pansions in large and small values of 4¢g*(y) are possible
is again satisfied by o = 4¢ in the limit of ¢ — «. Equation
A.13 then follows also for rings. The asymptotic behavior
of the osmotic compressibility can be analyzed similarly.

Appendix C. Regularization of the Osmotic
Pressure

This appendix introduces a slightly modified regulari-
zation in order to make all parameters appearing in the
computed osmotic pressure correspond to direct measur-
ables. As discussed in ref 10, 16, and 17, the bare osmotic
pressure can be shown to be given by

Ilg
coksT

1
=1+ §CPU0<N0)U2 -

dd
2cp)? f (2;;{111 [1 + 2c,00(S(a,No))s] -

2chO(S(q’N0)>n[1 + chUO<S(q7N())>]_l + 0(002)} (C'l)

where c,, is the number density and S(q,N,) the Debye
scattering function

S(q,Ny) = 2Nog? + 4¢7*[exp(-¢®Ny/2) - 1] (C.2)
In the limit ¢ — « the integrand in (C.1) behaves as
g% (Yol 200, (S(@,Np))nl?) + OKS),Y)  (C.3)
that is, as
Q% [8(cpv0)?(No) g™ (C4)

which provides a regular integral only for d < 4.

The regularization of (C.1) follows the method of
Gel'fand and Shilov®® and proceeds by adding and sub-
tracting the first term in (C.3) from the integrand of (C.1).1°
This produces a contribution to the osmotic pressure that
converges in d = 4

14) = " dg g¥iln [1 + 26,0(S(@,N))a] -
2chO<S(q’N0)>n[1 + chv0<s(q’N0)>n]_1 -
$hl204c, (S@No)aJY (C.5)

together with the contribution
o1(d) = 25’2 f] dg ¢ (S(@No?  (CH)

that leads to logarithmic divergences at this dimension.
Equation C.6 is readily shown'® to be proportional to c,?
times the bare second virial coefficient by using the def-
inition

Ny T
S(r-v',N) = j; dr J; d7 Gy(r-r',—')  (C.7)

in (C.6) and inverse Fourier transforming to r space. The
quantity G, in (C.7) is the Gaussian propagator between
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the points (r,7) and (r’,7") and is given by
Go(x-r',7—7") = [27(r—7")]"/? exp[-(x-1')?/2(7~7")]
(C.8)
Hence, (C.6) then becomes

81(d) = 2v,%,? f dér f & (S@-v',Ny)).2 (C.9)

which is the second-order contribution to the bare second
virial coefficient A,z. Thus, the contribution (C.9) may
be combined with the term !/,c,00(Ny),? in (C.1), which
is just !/,c, times the first-order contribution to A,g.
Equation C.9 is then written in terms of the second-order
second virial coefficient as

< MyMy
A

8 = ¢,?

n

A2B(N0,No’)> - CpQUO(N())nZ (C.10)

Equivalently the definitions (13)—(16) enable (C.10) to be
expressed as

5[ = NACZ<AZB(2)(N0,NO’)>W (C.ll)

where the superscript denotes the second order in ¢ con-
tributions.
Polydispersity averaging implies that the measured virial
coefficient A, is given by
Ay = (A (NNYY,, (C.12)
By introducing the change of variables y? = q*(N;)/2 in
(C.1), defining the dimensionless function g(y?) = y? +
y*(exp[-¥*N/{(Ny),] - 1),, and expressing the renor-
malized counterpart of the quantity c v,(S(q,Ny)), to

lowest order in ¢ as 4cM_A.g(v?) + 0(65), eq C.1 finally
becomes

My eanm 4 d'y
RT T A, ) (@n)p

4CA2Mng(y2)
1+ 4CA2Mng(y?)

In [1 + 4cA,M, g(v)] -

8c*A"MP(())]*¢ (C.13)

with u the dimensionless excluded volume parameter (1
— u* = ¢/8 + O(¢%) in the scaling limit of fully developed
excluded volume).
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